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— ' Abstract 

We examine a deformed quantum mechanics in which the commuta- 
tor between coordinates and momenta is a function of momenta. The 
Jacobi identity constraint on a two-parameter class of such modified 
commutation relations (MCR's) shows that they encode an intrinsic 
' maximum momentum; a sub-class of which also imply a minimum po- 

sition uncertainty. Maximum momentum causes the bound state spec- 
trum of the one-dimensional harmonic oscillator to terminate at finite 
energy, whereby classical characteristics are observed for the studied 
CNJ ' cases. We then use a semi-classical analysis to discuss general con- 

cave potentials in one dimension and isotropic power-law potentials in 
higher dimensions. Among other conclusions, we find that in a sub- 
set of the studied MCR's, the leading order energy shifts of bound 
states are of opposite sign compared to those obtained using string- 
theory motivated MCR's, and thus these two cases are more easily 
distinguishable in potential experiments. 
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1 Introduction 

Over the years, various approaches to unifying quantum theory with gravity 
have suggested the existence of a minimum measurable length [H [2]. For 
example, string theory suggests a generalised uncertainty principle (GUP) 
which implies a minimum uncertainty in position [3J. The string GUP may 
be derived from a modification of the usual Heisenberg algebra: In one- 
dimensional space the suggestion of Kempf et. al. [I] is 

[X,P] = ih(i + pP 2 ) (l) 
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where f3 > is the deformation parameter; the D-dimensional version is 
listed below in Eq. ([84"|) . 

The implications of the modified algebra (fTl I84|) have been investigated in 
a large number of papers, particularly the deformation of spectra of quantum 
mechanical systems and how such effects may potentially be detected in 
future experiments, see [H El [H [9] , and the recent review [2] for more 
references. Though inspired originally by Planck scale physics, brane-world 
scenarios [10] suggest that MCR's such as (pQ), and others below, might be 
relevant at more accessible energies (see also [6]). 

Motivated by ideas of maximum momentum in deformed special relativ- 
ity [H], in Ref.[l2] Ali, Das and Vagenas (ADV) proposed an extension of 
(PQ) allowing for linear momenta terms on the right-hand-side, generally 

[X^Pj] = in(^+^aiP + a 2 ^ + /3i^P 2 + /3 2 P i P i ), (2) 

where P 2 = Yli^i^i P*' Latin indices (i, j) represent the spatial part of 
spacetime indices and the (a s , (3 S ) with s = 1, 2 are deformation parameters, 
with /3 ~ q 2 dimensionally. 

Some consequences of the relation ([2]) have been studied in the litera- 
ture [121 [131 HU [15] , but for particular choices of the parameters a s ,f3 s . In 
particular, the Jacobi identity constraint on ([2]) was solved to leading order 
in a while the f3 values were chosen freely |12j . 

In the first part of this paper we will investigate the impact of maximum 
momentum on the spectra of quantum mechanical systems^. To this end, 
we begin in the next Section by implementing the Jacobi identity constraint 
exactly on a larger class of modified commutation relations (MCR's) than 

We find a two-parameter class of exact MCR's which encode an intrinsic 
maximum momentum; a sub-class of which also imply a minimum position 
uncertainty. One member of the exactly realised MCR's will turn out to have 
the form ([2]) but with all parameters fixed in terms of a single deformation 
parameter. 

The utility of the exactly realised MCR's is that they allow us to in- 
vestigate the phenomenon of maximum momentum in a mathematically 
controlled manner: Since dimensionally P max ~ 0(1/ a), this invalidates 
perturbative treatments in general. In Sect. (4) we solve exactly the one- 
dimensional harmonic oscillator problem for two cases which show a ter- 
mination of the bound state spectrum at finite energy, followed by a con- 
tinuum, in stark contrast to the usual undeformed case. The position and 
momentum uncertainties of the upper-most bound states are seen to display 
classical characteristics. 

In the second part of this paper we switch our focus, determining the 
leading order energy shifts of bound states due to the obtained class of 
MCR's. Since quantum mechanics has been well tested, the relevant regime 
for such a task is aP <C 1. Thus starting from the exact MCR's, we deduce a 
two-parameter family of MCR's which have the same form as ([2]) and which 
satisfy the Jacobi identity approximately, with errors quantified. The ADV 
choice of parameters |12j will be seen to be an example from this family. 

We determine the energy shifts in Sect. (5) using a semi-classical analysis 
which we justify in Sect. (6). The advantage of the semi-classical analysis 



1 See also the recent papers [161 117| . the first of which also realises minimum position 
uncertainty. 



is that it gives, with relatively little effort, the high energy spectrum for a 
larger class of potentials in diverse dimensions. This allows us to identify 
certain universal features of deformed spectra due to the obtained MCR's 
and to contrast the results with those due to the string theory inspired 
MCR's ([ID, and other non-polynomial versions. 

Relativistic corrections to energy shifts are also discussed in Sect. (5), 
while isotropic power-law potentials in higher dimensions are studied in 
Sect. (6). Various consistency checks are performed on the semi-classical 
results in Sects. (5,6), such as comparing them with known exact computa- 
tions and perturbative expressions. 

We summarise our main results in the concluding section while the Ap- 
pendices contain other details. 

2 The Jacobi Identity Constraint and Maximum 
Momentum 

Consider the general class of symmetric commutators 

[X u Pj] = ih [F(P)6 ij + G(P)P l P j ] . (3) 

Let derivatives be denoted as F' = dF/dP 2 = (dF/dP)/(2P); note that, as 
in [12], we permit F, G to depend on P and not just P 2 . 

We assume a minimal extension of the Heisenberg algebra, leaving the 
following commutators unchanged 

[X i ,X j } = [P i ,P j ]=0 forall(i,j). (4) 

Consistency of (I3l4p requires that the Jacobi identity be satisfied, 

[[Xi , Xj], P k ] + [[Xj , P k ] , Xi) + [[P k , Xi], Xj\ = , (5) 

as a result of which we find the constraint 

iff' 

Suppose now we demand the diagonal part of ([3]) be at most quadratic, 
F(P) = F 2 {P) = l + a l P + p l P 2 , (7) 

then 

G(P) = G,(P) ^ . (8) 

For Pi > 0, G*(P) has a pole where the commutator ([3]) diverges, implying 
an intrinsic maximum momentum. The example studied in [TB] exhibits 
such a scenario. 

For Pi < 0, F%(P) and hence the commutator ([2D vanish at some momen- 
tum, implying a singularity in the weight factor and integrals such as (|20p . 
Thus again we have an intrinsic maximum momentum but with different 
characteristics than the previous case: Now the limit appears to indicate an 
approach to a classical phase [HJ [TTl [18] . 

For Pi = the denominator in © trivialises and the final result for © 

is 



[Xi,Pj] = mX-aP) 



6 ij ~ a ~^- 



(9) 



where we have set —a± = a > 0. This solution also has an intrinsic maxi- 
mum momentum^!, P < 1/a. In Appendix A we show that an exact imple- 
mentation of the Jacobi identity on the ansatz (12141) gives the same solution 
©. 

The implications of an intrinsic momentum cut-ofo will be seen in the 
following sections where we will also briefly review some other MCR's from 
the literature which involve a momentum cut-off [TTJ [161 El EH US] • 

In passing, we mention another solution to (|7|8p obtained by taking 
a\ = 0. It results in a MCR which is like the string motivated version (j84j) 
but now within commuting space. 



2.1 Truncations 

For /?i 7^ 0, © is not a quadratic polynomial. If however one assumes 
|/?i|P 2 <C 1, then with re-labellings ol\ = —a, f3\ = ra 2 , r dimensionless, 
one obtains for ([3]) 



[Xi,Pj] r « ih 



Sij - a UjP + ^\ + « 2 (<%rP 2 + (2r + 1)?^^ 



(10) 



with terms of order (ra 3 p 3 ) ignored. Included in (|10p is the possibility 
a — )• 0, ra 2 — > /3 ^ which corresponds to the leading j3 = 2/3 version of 
the stringy MCR p^ . 

In other words, for r / the MCR's (|10p form a two-parameter, (a,r), 
family which have at most quadratic momenta terms on the right and 
which satisfy the Jacobi identity approximately: the regime of validity is 
\r\(aP) 2 -C 1. Including 0(p 3 ) terms in ([7]) contributes only to the ignored 
terms in (I10p . 

As discussed in Appendix A, the ADV |12] choice of parameters in the 
ansatz ([2]) corresponds to the case r = 1 in the approximate class of MCR's 

(Hod. 

The special case r = = 0) corresponds to the one-parameter de- 
formed commutator ([9]) which is at most quadratic in momenta and which 
satisfies the Jacobi identity exactly. The simplicity and larger range of ap- 
plicability of this case singles it out for special attention. 



2.2 One dimensional Subspace 

There are many experimental situations where dynamics is restricted to an 
essentially one dimensional subspace, such as the Penning trap discussed 
in [5]. The one-dimensional projection of the the exact and approximate 
MCR's (I9I10P can be written together as 

[X,P] = ih (1 - 2aP + qa 2 P 2 ) (11) 

where we have introduced the dimensionless parameter q = 3r + l. For q = 1 
this relation is exact as it follows from © while for q ^ 1 it inherits the 
external |r|(o;P) 2 <C 1 limitations. The relation ([T]) is included as the limit 

a — > 0, qa 2 — > (3. 

2 The cut-off does exist even if a < as one can see in dynamics restricted to a one- 
dimensional subspace where a particle explores the open line in momentum space. 

3 The interesting possibility of a continuation beyond this point will be discussed else- 
where. 



In the literature \12\ [T3"l [T4"l [15] , investigations of (jlip with have 
so far been performed using the approximate relation (|97p of ADV. In the 
one-dimensional quantum mechanics this means that q = 4 has been implic- 
itly chosen rather than other values, such as q = 1 which is implied by a 
projection of the exact three-dimensional MCR Q. 

In the following sections we will study (jlip for generic values of q. It is 
convenient to define the deformation factor 

/(P) = 1 - 2aP + qa 2 P 2 (12) 

and write the one-dimensional relation as 

[X,P]=ihf(P). (13) 

For real momentum p the polynomial f(p) has roots at (li-^/1 — q) / (aq) . 
Thus for q > 1 the roots are away from the real line and (|13p is well defined. 
However for q = 1 there is a doubly degenerate real root and a momentum 
cutoff p < l/{qa) is required. For q < 1 there are two real roots except at the 
point q = where there is only a single real root at l/(2a). As we shall see, 
the position and nature of these roots determines the qualitatively different 
features of the deformed spectrum; this will be particularly transparent in 
the semi-classical analysis of Sect. (5) where 1/f enters as a weight function 
in the integrals and is solely responsible for the deformed spectrum. 

Remember that in addition to the intrinsic momentum cut-offs coming 
from the roots of f(p), for q ^ 1 there are the external momentum lim- 
its |r|(ap) 2 < 1 on the validity of the MCR's. For some cases these are 
compatible, for example for q = (that is |r| = 1/3) the intrinsic cut-off 
ap < 1/2 means that |r|(ap) 2 < 1/12 <C 1 is satisfied. For q > 1 there are 
no intrinsic cut-offs (in the approximate forms (jlip ) and so for such cases 
any discussion of the large momentum regime is to be understood as a for- 
mal comparison with other cases, such as q = 1, where there is an intrinsic 
momentum cut-off. 



2.3 GUP, Minimal Length and Maximum Momentum 

We saw that an intrinsic maximum momentum, 0(l/a) ~ 0{l/^f]3), is 
encoded in the class of exactly realised MCR's defined by (|3l4|7l8p . a scenario 
favoured by deformed special relativity [11]. Consider now for simplicity a 
one-dimensional projection of that class, 

[X,P] = ih(F 2 + G*P 2 ) 

= (l + dP + ftP 8 )' (14) 
h 1-fcP 2 ' 1 j 

Working in the momentum representation of Sect. (3), then below the maxi- 
mum momentum P ma x = the right side of (fl4l) is larger than {l+a\P+ 
f3\P 2 ) for the sub-class whose parameters (a\,Pi) make Fi > 1 (for example 
when both a%,Pi are positive). Defining as usual (AX) 2 = (X 2 ) — (X) 2 , it 
follows that for that sub-class 

AXAP > \{[X,P)) > ^(l + ai (P)+/3 1 (P 2 )) . (15) 

This can be written as the GUP 

^ a ( 1 + a ,(P)/2) V ( ft - a J/4)(P) % ft(Ap) (lfj) 



For /3i > af/4 > the right side of (|16p is positive, increasing when 
AP tends to zero or infinity. Thus there exists a sub-class of the exactly 
realised MCR's for which AX has a nonzero minimum; such a minimum 
position uncertainty is usually associated with some fundamental length 
scale [H El E] and originally motivated the search for deformed Heisenberg 
algebras that would realise such scenarios [H 119] . Simply on dimensional 
grounds, (AX) min ~ O(ha). 

Note that for g / 1 the truncated versions of the MCR's displayed in 
Eq. fjlip are valid only in the (aP) 2 <C 1 regime, as derived earlier, and 
so maximum momentum in the form of poles in the MCR's is no longer 
visible, though for q < 1 the form where the MCR's vanish at some intrinsic 
maximum momentum is realised. Indeed we will see in Sect. (4) an example 
with AX = AP = 0. 

For the truncated versions (jllh . q > 1 seems to allow for a minimum 
position uncertainty but no intrinsic momentum cut-off while for q < 1 we 
have a maximum momentum cut-off but apparently no minimum position 
uncertainty. 



3 The Momentum Representation 

The exact spectrum of the harmonic oscillator with the string theory inspired 
MCR (JTJ) has been studied in detail in Refs.jU [5j [8]: In one dimension the 
position and momentum operators may be represented in momentum space 
by P = p, X = (1 + (3p 2 )x where x,p are the canonical variables satisfying 
the usual Heisenberg algebra 

[x,p] = ih. (17) 

with x = ifr-§^- 

In this Section and the next we will study the one-dimensional harmonic 
oscillator under the MCR (lllj) using analogous techniques. Higher dimen- 
sional extensions are discussed in Sect. (6). 

3.1 Hermiticity of Operators 

A representation of the algebra (I13D is 

P = p (18) 
X = ihf(p)—=ih(l-2ap + qa 2 p 2 )—. (19) 

As noted earlier, we require q > 1 to have well-defined measures and op- 
erators acting on the open line — oo < p < oo. For q < 1 the intrinsic 
momentum cut-off p < p max must be implemented. 

Hermiticity of X requires the weight function l/f(p) in the inner prod- 
uct: 

dp 



^ = J (l-2c,p + 9a V) rWW - <20) 
Then 

(M-XWr = WW> +B(p) 
where the boundary term 

. v Pmax 



is required to vanish. The operator P = p is manifestly Hermitian. 
For the Hamiltonian of the harmonic oscillator, 



H(X,P) 



P*_ muo 2 X 2 
2m + 2 



(21) 



since we are using the representation (|18ll9p . the kinetic part is trivially 
Hermitian. For the potential part, we have 



where again the boundary term 



\X 2 







+ B(p), 



a 



b(p) = f(p)[Hp)^*(p)-r(p)-^Hp) 

is required to vanish. 

Thus with appropriate boundary conditions on the momentum space 
wavefunctions, X and H are Hermitian. In particular, the energy spectrum 
will be real and bounded below as one can verify for the explicit solutions 
we find later. 

3.2 Perturbative Results 

For later comparison with our exact and semi-classical calculations, we 
record here standard perturbative calculations of the energy shift for the 
problem defined by (|13l2ip . Such a calculation has been done for q = 4 in 
Ref.[14J and it can easily be adjusted to give the result for general q: 

ma 2 [q(Hco) 2 



AEP £rt 



+ (q-A)(E n(0 Y 



+ 0(a A 



E 



n(0) 



= ( n +-)&«;. 



22 



(23) 



Notice that there is no 0(a) correction: This vanishes because the unper- 
turbed states are parity eigenstates while the 0(a) perturbing Hamiltonian 
is parity odd [T2l[T4] . 

4 The "p-representation" and exact results 



The Schrodinger equation for the harmonic oscillator (|2ip in the momentum 
representation is 



2E 



m{fvjj)' 



r*(p)- 



(24) 



It is useful to change variables from p to a new variable p in such a way that 
the equation takes the canonical Schrodinger form. The change is defined 
by 

d d 

'M* s bH (25) 

and results in the Schrodinger equation 

d 2 2E 

di 2+v(p T {p) = M^ry 



(26) 



with positive potential 



V{p) 



p 2 (p) 



(27) 



(mhuj) 2 

The function p 2 (p) is determined by solving (|25p . Notice that the weight 
function is removed from the integration measure, J -j —> f dp. 



4.1 q > 1 



For q > 1 we have 

[l + (g-l)tang(/3)] 2 

(p + C), 

1 1 

— arctan , 

aV<7 - 1 1 - q 

with pi < p < P2- The boundaries (pi, P2) are located where #(p) = ±7r/2. 
Since the potential is confining, approaching infinity at the boundaries, the 
spectrum will be entirely discrete and unbounded above [2D]. As the poten- 
tial walls approximate an infinite well at high energies, large eigenvalues will 
take the form E n ~ n 2 , a conclusion which we shall confirm using a semi- 
classical analysis in Sect. (5). One may also use the perturbative results (f22|) 
for moderate values of n, when the perturbation is small: The n dependence 
of the energy shifts for q < 4 is negative. This later trend will also be seen 
in more generality in the semi-classical analysis. 

Thus for q > 1 though the spectrum is deformed from that of the usual 
a = oscillator, particularly at large energies, it is still purely discrete and 
unbounded above. The situation will be quite different for q < 1 as we shall 
soon see. 

We will refer to (|26p as the "p-representation" of the Schrodinger equa- 
tion; it is actually a Fourier transform of the alternative representation of 
the algebra in which one takes X = c-number [21]. Although such a 

representation has been used before to solve the Schrodinger equation with 
MCR's, see for example [U 117] , it is useful to note that much informa- 
tion about the deformed spectrum may be obtained simply by analysing the 
potential V(p), and then appealing to standard results for the conventional 
Schrodinger equation |20j. We will illustrate this further below. 



V(p) = 

6{ P ) EE 
C EE 



4.2 q=0 



For q = we have the intrinsic momentum cut-off p < l/(2a). Proceeding 
as in the previous section, the Schrodinger equation in the p-representation, 
after some scaling to make p dimensionless, is now 



8 2 

w +viP) 



*(P) = e*(p) • 



where 

V(p) 

and the parameters are 



(1 -eP) 2 

6 
e 



-00 < p < CO 



(28) 



2V mtiw a 
2E 



HujS 2 



(29) 



The potential has one minimum, V{p 

r4 



0) 



0, approaches positive 

infinity as p — > 00 and approaches 1/5 4 as p — > —00. Thus the bound 
state spectrum has a maximum energy limited by the depth of the well, 
tmax < l/<5 ) which translates to E max < l/(8ma 2 ) . The total number 



of bound states below an energy E is approximately proportional to the 
integral [20] 

' s/E - V(p) dp (30) 



evaluated between the classical turning points; it essentially counts the num- 
ber of half-deBroglie wavelengths that can fit at energy level E. Since the 
potential well in ([28]) approaches the p — > — oo asymptote exponentially, the 
integral is finite for E at the top of the well and hence the number of bound 
states supported by the well is finite. 

Although the bound state spectrum terminates at finite energy, there are 
still continuum states of higher energies: The momentum cut-off p < 1/ (2a) 
does not imply that all energies are bounded! This conclusion is manifest 
in the p-representation of the Schrodinger equation and illustrates again its 
utility (See also Eqs. pTIM]) below). 

In summary, the spectrum for the q = 0, a-deformed oscillator is dra- 
matically different from the usual a = case: The present spectrum consists 
of a finite number of bound states followed by a continuum. 

We proceed now to determine the bound state energies and wavefunc- 
tions explicitly. As the procedure to solve equations such as ([26]) is standard 
|22j we will just outline the main steps. Firstly, an asymptotic analysis iden- 
tifies the dominant behaviour of square-integrable solutions at the two ends, 
and then one uses an ansatz for the wavefunction which includes that in- 
formation to simplify the differential equation. With a further change of 
variables 

£ = J>e p ; < £ < oo , (31) 
which changes the weighted measure to f and defining 



n 



I 



1 - (1 - 5 4 6) 



1/2 



1 

2 ' 



we obtain 



2 



(32) 
(33) 

(34) 

de < \- < - v~dr^ , ' j ^ j - u - (35) 

The positivity requirement on k comes from the square-integrability condi- 
tion at £ = (p = — oo) and we see that it implies an upper bound on the 
bound state energies identical to what was deduced earlier from the depth 
of the potential well, 

E n < E max = — - . (36) 
omcr 

Equation (|35p has two singularities, a regular singular point at £ = 
and an essential singularity at £ = oo. The function /(£) may be expanded 
in a Frobenius series about £ = 0, 



where /(£) is a remaining function that satisfies the equation 



- d2m + (2 k+ i-A d -m^m - o. 



/(£) 



3=0 



The indicial equation that follows is 

s(s + 2k) = 0. 



The solution with s = — 2k is not square-integrable at £ = and is dis- 
carded. The remaining s = case leads to an infinite series which must be 
truncated as otherwise its growth would be exponential and again lead to an 
unnormalisable solution (at £ = oo). Truncation leads to the quantisation 
condition 

n = n, n = 0, 1, 2... 



and thus from (|32l33j) we obtain 

E n = E n{0) [1 - 2ma 2 E n{0) ] , (37) 
11 

n < n max = — , (38) 

Aa^mfkv 2 

If 

n max is not an integer then the largest bound state realised is for an 
integer less than or equal to the value indicated. In fact E n in (|37p is a 
monotonically increasing function of n, reaching a stationary point at an 
integer near n max where E = E max (|3"o]) is attained, see Fig.(l). 

Amusingly, the exact bound state spectrum for q = has only an a 2 
correction, which matches the leading order perturbative result (|2'2|) . Re- 
markably, as we will shall see later, a leading order semi-classical analysis 
also reproduces the exact spectrurrQ 

4.2.1 Expectation Values and Uncertainties 

We proceed to obtain the wavefunctions. The reduced Schrodinger equation 
is 

^^ + ( 2 ^ + 1 -^^f + n/ ^ = 0;n9Z+. (39) 

with solutions given by associated Laguerre polynomials /(£) = L^ fcn (£). 
The normalized wave functions are 



" V rt^+D ^^^K'- (40) 

Note that due to the deformation, the index k n is in general no longer an 
integer even though n is, 

K = ^-(n + 1/2) , (41) 

which makes the wavefunctions non- analytic at £ = 0, that is near p = p ma x- 
The various expectation values in an eigenstate n may now be evaluated 
exactly. We obtain 



(X) = 



(X 2 ) = [1 - 4maX(0)] 



(P) = 2maE n{0) , 

(P 2 ) = mE n{0) . (42) 

4 It turns out that (|28[) is simply the Morse potential, while for the q — 1 case the prob- 
lem is similar to the radial Schrodinger equation for a Coulomb potential with centrifugal 
barrier. Thus it appears that the deformed harmonic oscillator with MCR pip is related 
to some solvable potentials in ordinary quantum mechanics. This link can perhaps be 
explored using the methods of SUSY quantum mechanics as in Refs.|23|. 



In the limit 



n 



n,< 



1 



1 

2 ' 



(43) 



we have < P >— > l/(2a), which is precisely the momentum cut-off the q = 
theory. The mean potential and kinetic energies of a state n, 



(V) 
(T) 



E 



n(0) 



[l - 4ma 2 E, 



n(0)J 



P 



n(0) 



sum to the full energy but their difference shows a clear deviation from the 
a = Virial Theorem |21|. 



The uncertainties are 
(AX) 2 

(AP) 2 

=> (AX)(AP) 



i. n 

2 raw 

(n H — )mfvjj 
\ 2 



11 



max + 1/2 
T^max Tl 



_ Tlmax 



+ 1/2. 



(n+-)ft 



Umax Tl> 

1/2 



n 



'max 



(44) 



The position and momentum uncertainties, and their product, increase 
with n up to n rj n max /2 and then decline, vanishing at n = n max if n ma:r 
is an integer. This trend should be contrasted to the usual a = harmonic 
oscillator when the same quantities increase linearly with tl. (If Ti max is not 
an integer then (|44p reaches the limit (5n max )fi where Sn max is the deviation 
of n max from the largest integer smaller than or equal to n max .) 

Thus the upper most bound states appear to have classical characteris- 
tics, as might have been anticipated also from the commutator (jll|) which 
vanishes at p = p m ax = l/(2a). 

Let us look at how the wavefunctions behave as the quantum number 
increases. For small a and small n, (P) ~ as in usual quantum mechanics 
since the wavefunction does not feel the effects of a maximum momentum, 
leading to (AP) 2 ~ (P 2 )- Fig. (2) shows the probability density for the 
n = 10 state which is already slightly asymmetrical, with the highest peak 
closer to p = p m ax (which corresponds to the variable £ = 0). Notice the 
n = 10 state has ten nodes as expected [20] . 

As n increases, there are more nodes and peaks but the dominant peak 
moves towards £ = (p = p m ax)- Furthermore the ratio of heights of the 
dominant peak to the other peaks increases. Figs. (3,4) show the upper and 
lower end of the probability density for the upper-most state n = 49; note 
the different scales in the two figures, and also the scale in Fig. (2). (Also 
note that the effects of the measure ~ J ^ will accentuate the difference 
between the dominant and other peaks). 

For large n ~ n max ~ 1/a 2 there is one dominant sharp peak near Pmax-; 



leading to (P) 2 ~ (P 2 



p 2 max and thus AP : 



0. 



4.2.2 Realising AP = at p m ax 

In usual quantum mechanics with a symmetrical potential in one dimen- 
sion, (P) = for eigenstates as a result of their parity. For large n, 
the momentum-space probability density will have two large peaks at p ~ 



±\/2mE n , giving a large value for (AP) 2 = (P) 2 , with the distance between 
the peaks increasing with n. 

However in a MCR quantum theory with an intrinsic maximum momen- 
tum the situation is different. We saw above cases where, due to the parity 
non-invariance of the MCR, there is one p ma x > which causes large n 
bound states to accumulate there leading to AP « 0. 

If the intrinsic maximum momentum is realised symmetrically in a MCR 
quantum mechanics, then large n bound states should have two dominant 
peaks at ±p max - By parity the eigenstates will have (P) = 0. However 
consider a superposition <\>\ + Acfo of two bound states of opposite parity and 
essentially same energy near the top end of the deformed discrete spectrum: 
They will have same size dominant peaks and so for the superposition (P) 2 ~ 
4A 2 p^ m while (P 2 ) « (1 + \ 2 )p 2 max leading to (AP) 2 /(P 2 ) « for suitable 
A. (If the superposed states do not have exactly the same energy then there 
will be very slow dispersion.) 

As for the value of AX when AP = 0, a consistent possibility is zero 
when [X, P] = 0, leading to a seemingly classical phase; but if the commu- 
tator diverges because of a pole realised maximum momentum, then AX 
must diverge too, leading to some new "super" -quantum phase. 



4.3 q=l 



The q = 1 case corresponds to the exactly realised MCR. We have the 
intrinsic momentum cut-off p < 1/a. Proceeding as before, the Schrodinger 
equation is 



d 2 

-w +v{p) . 



*(p) 



with 



V(p) 

and the parameters are 



(p-l) S 
Sfp 2 



< p < oo , 



(45) 



5i 



V mfyjj a 
2E 



HcoSf 



(46) 



1) 



The potential has one minimum, V{p 
infinity as p — > and approaches 1/Sf as p — > oo. 

again terminates at finite energy, limited by the depth of the well, ^-max 



= 0, approaches positive 
The bound state spectrum 

< 



l/5f, which translates to E max < l/(2ma ). Since the potential flattens 
out slowly, the integral in ([30]) now diverges and so, in contrast to the q = 
case, the total number of bound states supported by the finite-depth well is 
infinite. 

The Schrodinger equation may be solved exactly as before leading to 



E, 



E,, 



n(0) 



A 4 2 
2 2 



(E n (0)) 2 + 



(hu) 2 



1 + 4 + ma 2 E, 



n(0) 



(47) 



The energies reach E max as n — > oo where they match the semi-classical 
result given in Appendix B. The leading a 2 correction agrees with pertur- 
bative calculations (122j) and differs from the semi-classical result (I64p by a 
constant. 



Defining 



a = 



1 + + 



k n 



5f(n + a) ' 

2k n p, (48) 



gives the wavefunctions 



knn]tt -^/VL^- 1 )^). (49) 



(n + a) r[n + 2a] 



The exact expectation values in an eigenstate n, and their leading order 
terms are given by 



(X) 

(x 2 ) 
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2\Ai 



a 2 h 2 



n+l/2 + 



l 3 



2<5f 



(n + 1/2) — - - [6n(n + 1) + l] a 2 h 2 + 0(q 4 
raw 2 L J 



1 

a 



n + l/2 + ^L 



= 2(n + l/2)mhuja + 0(a 3 ) 
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2a 2 V(5i 
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(n + l/2)mHu 



q o 9n 1 
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8 16 



m 3 ^ 3 a; 3 a 4 + O{o° 



where we have denoted 5\ := A+Sf . At the end of the bound state spectrum, 
n — > oo, we see that < P >— > 1/a, the intrinsic momentum cut-off of the 
theory. 

Using the above expressions one may verify that the kinetic and potential 
energies add to E n and that 



(V) mhuja 2 r . n a. 

M = 1 -2^TW) Nn + D + l] +0(a% 



(51) 



(50) 



The momentum and position uncertainties may also be computed ex- 



actly, 



(AX) 2 
h/(mu) 



(AP) 2 
mhw 



(AXKAP) 
ft 
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n+l/2 + ^ 
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(n + 1/2) 
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n + l/2 + ^ 



7/2 



[Un(n + 1) + 3] 



mhwa 2 + 0(a A ). (52) 



The leading order expressions for the uncertainties, which have also been 
indicated above, show that they are smaller than the a = case. The exact 
expressions are plotted Figs. (2-4). As for the q = case they increase up 
to some value n ~ 0(1/ (mfiwa 2 )) after which they decline, vanishing at the 
end of the bound state spectrum, n = oo, as one may verify from the exact 
expressions. 



5 Semi-classical Analysis 

In usual quantum mechanics, the Sommerfeld- Wilson semi-classical quan- 
tisation rule, the leading part of a h expansion, accurately describes the 
high-energy bound state spectrum with relatively little effort. Such a semi- 
classical approach has been also been used for deformed quantum mechanics 
of the type ^ [8j [23] and the results have been shown to be in very good 
agreement with exact solutions for various cases. 

In the following, we adopt the semi-classical approach to determine the 
bound state energies of one-dimensional potentials under the deformation 
(|13p , (A detailed explanation and justification of the semi-classical approx- 
imation in the case of deformed quantum mechanics is in Sect. (6), see also 
[24]). 



5.1 Harmonic Oscillator 

From the representation in ()18p and (|19fl . the semi-classical energy can be 
written in terms of the canonical classical coordinates (x,p) as, 



E s 



2m 



+ 



2 r 



9 o 

1 — 2ap + qa p 



(53) 



2mE s 



with z = \/2mE sc > 0. Notice from (|53p that E sc > by construction. 
The phase-space area in the Sommerfeld- Wilson quantization rule 



j> x dp = (n + 1/2) h; n = 0,1, 2,3... 



is then 



x dp 



rriLO J_ z [l - 2ap + qa 2 p 2 j 

2z^ f 1 yr^7 

mu> J_i [l - 2azy + qa 2 z 2 y 



dp 



-dy 



(55) 

(56) 
(57) 



where ±z are the classical turning points in the first integral. The second 
integral was obtained by scaling, p = zy. 

The integral (|57|) may be evaluated exactly and is discussed in Appendix 
B; in particular the results for q = are identical to those obtained by 
solving the Schrodinger equation! Here however we would like to illustrate a 
procedure for isolating the leading correction to the bound state energies due 
to the deformation parameter a. Such an approximate evaluation will be 
useful later when we extend the discussion to other potentials in subsequent 
sections. 

Notice that in the semi-classical expression ([57]) the effects of the de- 
formation reside solely in the weight factor 1//. As discussed earlier, for 
q < 1, f(p) has real zeros and hence for the integrals to be well-defined, a 
cut-off must be imposed on the momenta so that poles of 1/f are outside 
the integration limit in (156|) . This implies a restriction on the upper limit of 
integration z, and hence since z = a maximum energy to the bound 

state spectrum; for q = 0, 2az < 1 and for q = 1, az < 1. For q > 1 there 
is no restriction. 

Now for az < 1 we may expand 



1 



1 + 2azy + (4 - q)a 2 z 2 y 2 + 0{azf . 



By symmetry the 0(a) term does not contribute to (j57|) and so 



^ j x dp = z 2 [I 01 + (4 - q)(az) 2 I u 



where we have defined the positive quantity 



D 



-i 



2r + 1 1 + 2a 
2 ' 2a 



(58) 



(59) 



(60) 



B(a, b) being the usual Beta function. 
Thus inverting (|59p gives, 



z 2 = ^(n + 1/2) [l - (4 - q)(az) 2l f] + 0(a 3 
This last equation can be solved by iterating around a = 0, 



TPSC T7ISC 

~ ^n(0) 



l_ (4 - g )(2ma 2 )^^ 0) j + 0{af 

i l v ;J 



(61) 



(62) 



where the undeformed energies are given by 



E %S» = i7o7 (n + 1/2) = + 1/2) • (63) 

Thus the energy shifts for az <C 1 and n large, 

AE? c = _ ( 4_ g)(2ma 2)^(^ 0) ) 2 + O(a 3 ), (64) 

_ _(i^! (iS „ ))2! (65) 

are negative for q < 4, which includes the case q = 1 corresponding to 
the exactly realised MCR ([9]). One can check that this expression agrees 
with the 0(a 2 ) terms of the exact expressions in Sect. (4), bearing in mind 
that the semi-classical evaluation (at leading order in the h expansion) is 
expected to hold for large n (and so, for example, terms independent of n 
might not show up fully). The expression (I64p may also be obtained after 
an exact evaluation of the integral ()57|) . see Appendix B. 



5.2 Power Law Potentials 

We can easily extend the semi-classical analysis to symmetrical power law 
potentials of the form, 

V(X) := ±X 2 ° {m) 
2m 

where < a < oo and A is independent of X. For instance, a = 1 and 
A = (raw) 2 for the harmonic oscillatoiH. 
As before, 

z 2 = 2mE sc = P 2 + \X 2a 

and so 

X = X-^iz 2 -p 2 ) 1 ^ (67) 

from which the canonical coordinate x = Xj f follows. The rest of the steps 
are identical to those discussed for the harmonic oscillator so we simply 
present the result. For az<l and large n, 

AE S n C = _ {A _ q){2ma 2 ) I ^J^ {E scp ) 2 + 0{a) 3 m 
A J? sc 

«-(4- 9 )i£* (69) 
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E scp 



\ — tjt- . / , -I /oM - 2a 



n(o) 2m 



(n + l/2)hu 



a+1 . (70) 



Notice that for all power law potentials ()66|) . the leading 0(a 2 ) correction 
to the energy at large n is negative for q < 4. 

The expression (|68p holds for az <C 1. One may also evaluate the semi- 
classical integrals for > 1. Consider 



(1_y '- r*y. (71) 



! (1 - azy) 2 + (g - l)(azy) 2 



5 The cr — y oo limit corresponds to the infinite well which will be discussed in detail in 

eh. 



For y 7^ and qz > 1 the integral is of order l/{az) 2 . In order to isolate 
the contribution near y = 0, write the numerator of the integrand (*) as 
[(*) — 1] + 1 and split the integral into two pieces. The first integral is now 
"safe" at y = and gives a 0(l/(az) 2 ) contribution. In the second integral 
scale y — > y/(\fq — laz) for q > 1 and take az > 1 to get ~ \j{^fq — laz). 
Hence the semi-classical quantisation gives for q > 1 and az > 1 

E sc ~ ( v / ^Ian) 2CT . (72) 

This result (|72D may also be obtained by evaluating the integrals exactly 
and taking limits, see Appendix B. Notice that for the harmonic oscillator, 
cj = l, the large n eigenvalues for q > 1 approach the infinite well form, as 
remarked in Sect. (4.1) 

5.3 Comparison with string-motivated MCR 

As mentioned earlier, the MCR (pQ) has been used to solve exactly for the 
spectrum of some one dimensional problems. In order to uncover general 
trends, we can use a semi-classical analysis as in the last section to study 
again power law potentials of the form (166p but for the MCR (pQ). Since 
P > 0, for large n but (3z 2 <C 1 it is easy, by examining the weight factor, 
to deduce that the energy correction is now always positive, 

A2£ c oc ) 2 , (73) 

while for f3z 2 3> 1 the energy is similar to (|72p but with cty/q — 1 replaced 
by ^f~f3. (Alternatively, as mentioned after Eq.(ll), the string MCR results 
may also be obtained by taking a. — > and qa 2 — > f3 in the results of the 
previous section.) 

In other words, for the string-theory motivated MCR ([2]) our semi- 
classical analysis suggests that for power-law potentials the deformed energy 
spectrum lies above the undeformed case. This is consistent with the exact 
solution for the harmonic oscillator and infinite wells in [8]. By contrast, 
the MCR's (llip with q < 4 give negative energy corrections at intermediate 
energies. 

5.4 Other MCR's 

There is no fundamental reason to limit oneself to quadratic momentum 
terms on the right-hand-side of relations such as (|11|1[> . One interesting 
proposal |16| is 

[X,P] = ihfip) (74) 

with /= 1/(1 - (5P 2 ) which for small /3P 2 agrees with ([T]) but through the 
pole at P = 1//3 suggests a maximum momentum. A semi-classical analysis 
for the harmonic oscillator in Ref.pS] showed the existence of a maximum 
bound state energy. 

We wish to show here, again by means of a semi-classical analysis, that 
a maximum bound state energy due to the MCR (I74D is suggested for all 
power-law. Using similar notation as before, we obtain 

(n + l/2)h = z 1+1/a (l-y 2 )^(l- (3z 2 y 2 )dy 

= z 1+1 '°{c 1(7 -pc 2cj z 2 ) (75) 



where ci a ,C2 a are positive constants, and where we have suppressed some 
other positive constants. Note that unlike the analysis in previous sections, 
the second term on the right in Eq. (|75|) is complete rather than a leading 
term of a /3 expansiorj^. Clearly then, if the energy (E ~ z 2 ) were to 
increase without bound the right-hand-side of ([75]) would become negative 
in contradiction to the left side which is always positive. Thus we conclude 
that there is a maximum energy in the bound state spectra of all power law 
potentials with the MCR (J7JJ). Since the maximum z is clearly O^ 1 / 2 ), 
the maximum energy is 0(l//3) and the maximum number of bound states 
isn maa; ~0(l//3( 1 + 1 /-)/2). 

Other examples of MCR's which involve a momentum cutoff are / = 
1 — (3P 2 |17| or / = yl — f3P 2 [19] . In a semi-classical analysis these result 
in a pole in the weight factor and thus a maximum energy to the bound 
state spectrum. 



5.5 Concave Potentials and Relativistic Dispersion 

Given the results for power-law potentials, it is intuitively reasonable to 
expect that similar conclusions hold for more general concave potentials in 
one dimension. Recall that in the semi-classical limit, it is the weight factor 
l//(p) in the integrals which is solely responsible for the deformation. 

Consider a symmetric concave potential, V(x) = V(—x),V(0) = such 
that for x > 0, Vix^) > V(x±) if X2 > x\. For x > define the inverse 
function U by U(V(x)) = x; for example for V(x) = x 2 ,U(y) = Jy. For 
brevity, we choose the mass normalisation here such that 2m = 1. Then the 
integral in ([56]) is replaced by 



J(a,q,z) = J dp- 



U(z 2 -p 2 ' 



1 — 2ap + qa 2 p 2 

For qz < 1 we expand the denominator as before, giving 

J(a,q,z) = J(0,q,z) + ('i-q)a 2 J 1 (z) + O(a 4 ). 

where the integrals J(0, q, z), J\(z) > 0. Thus for large n and up to 0(a 2 ), 
the semi-classical quantisation condition can be written 

psc_ 2 nh f-i U ,2 J l( Z ) 



E sc = z l ~ — „ 1 - (4 - q)a 



J(0,q,z)/z 2 \ v H ' J(0,q,z) 
This equation may be solved (implicitly) by iteration about a = giving 



2 Ji( z o) 



iC-^l + fe-^^y (76) 

where J?*^ = Zq is the unperturbed semi-classical energy obtained by solv- 
ing nh = J(0,q,zo). As before the energy correction is negative for q < 4 
and a similar analysis easily shows that the string-motivated MCR ([1]) still 
gives a positive correction for general concave potentials. 

Hence, a result of Sections (4.1,4.2) comparing the MCR's (jlllip for 
power-law potentials holds more generally for symmetric concave potentials: 



Of course being a leading semi-classical result, it is still not the same as the exact 
energy expression. 



For intermediate energies, (jlip gives a negative energy correction for q < 4 
whereas the string theory motivated MCR gives a positive correction. 

Likewise, the expression (|75p is easily generalised for symmetric concave 
potentials, again implying a maximum energy for the MCR (|74p . 

So far our discussion has been for the non-relativistic dispersion relation 
E = P 2 + V(X). If the energies are so large that one is in the relativistic 
regime then in c = 1 units the appropriate dispersion relation is (E — V) 2 = 
p 2 + m 2 giving for particles 

E = +y / p 2 + m 2 + V . (77) 

We assume that the particles only interact through a potential V which is 
weak, |V| < 2m, and slowly varying over the scale of the particle's Comp- 
ton wavelength. Then pair production is not enabled and multi-particle 
effects can be ignored. The use of ([77]) in previous semi-classical integrals 
changes the magnitude of energy shifts due to the deformation but not their 
sign which is determined by the weight factor. Some explicit relativistic 
calculations with MCR's of the type ([TTU7]) are in [7J Q3]. 



6 Higher dimensions 



In D— dimensional space, the momentum space representation of the algebra 
ED is 



Pi 
Xi 



Pi 



ih(l — ap) 



d_ 

dpi 



a 



PiPj d 
p dpj 



(78) 
(79) 



Hermiticity of X^ now requires the weight factor (1 — ap) (• D+1 ) in momen- 
tum integrals such as ([20]) . 



6.1 Isotropic Oscillator in Semi-classical Limit 

Consider the X 2 tp(p) term in the momentum space Schrodinger equation, 



X 2 ^{p) = (ih) 2 {l-apf 



d pipj d 
a — 

dpi p dpj 



repeated indices being summed. We wish to solve the equation in the WKB 
limit, H — > 122]. Write as usual ip(p) = exp (— iW(p)/h) with W(p) = 
Wo(p) + hW\(p) + ... in a h expansion. Since X 2 comes with the (h) 2 piece, 
thus derivatives acting on the wavefunction must pull down at least 1/h 2 
factors for the net contribution to survive the H — > limit. This means that 
each derivative must act directly on W(p): 



i/)(p) 



(1 - apf 



(8iW) 2 - ^(pidiWXpjdjW) + c?{pjdjWf 



We shall further restrict our attention to states without angular dependence, 
the 5-states. For such wavefunctions, 



and so 



PidiW(p) = pd p W(p) 
XV(p) -+ (1 - ap)\d p W) 2 ^{p) 



The time-independent Schrodinger equation for the harmonic oscillator is 
thus reduced to the relation 



E- = l- + ^f{l-a P )\d p Wf . (80) 

From here one may, although we will not, proceed with a standard WKB 
type analysis to obtain the quantisation condition 

j> x dp = [n + j)h; n = 0, 1, 2, 3.... (81) 

where 7 is a constant which depends on boundary conditions (and thus also 
on space dimension D). 

We will instead motivate the quantisation condition through the corre- 
spondence principle. Writing W = f p x(p')dp' ', ([50]) becomes 

One can identify x by considering the limit a — > whereby it is clear that 
X is x, the canonical classical space coordinate. As is well known [20] for 
a = 0, the phase space area <f x dp = £ p dx is an adiabatic invariant for 
bounded orbits in the classical theory, and is thus naturally identified with 
stationary states in the quantum theory through the condition 

1 f , nh 

-fxdp=—; n = 1,2,3.... (82) 

For a / 0, § x dp will be an adiabatic invariant of the deformed classical 
dynamics and (|82p is then the semi-classical quantisation condition in the 
deformed quantum theory. (Indeed, as the canonical relation [x,p] = ih goes 
over to the Poisson bracket, the deformed commutator [X, P] goes over into 
the deformed Poisson bracket). 

Recall the physical meaning of (|82p in the quantum theory: It counts 
the number of half-deBroglie wavelengths that fit into the potential well 
at a particular energy. The difference between (|8ip and (|82p is that the 
former takes into account quantum "leakage" at the ends. This difference is 
immaterial at large n which we focus on here. 

Thus for the S-states of the D-dimensional isotropic oscillator, the semi- 
classical bound state spectrum is determined by 



2 f'y/z'-r 



y2 _ n 2 



nh = / -»dp (83) 

mw J (1 — apy 

which should be compared to the one-dimensional oscillator relation (|56p : 
The weight measure is precisely that for one-dimension, and not the D- 
dimensional weight mentioned after Eq. ()79p . The intrinsic momentum cut- 
off p < 1/a is also implied. 

However note that the coordinate p here is the radial momentum co- 
ordinate and so the lower limit of the integral is zero as opposed to the 
one-dimensional case where p was on the open line. Recalling the discussion 
following Eq. (|58p . this means that for this higher dimensional oscillator the 
leading correction will be 0(— a) and will be negative for a > 0. 



6.2 Spectrum of Isotropic Power-Law Potentials 

A generalisation to S-states of D-dimensional radial potentials of the form 

V(X) = —x 2a 

y ' 2m 
is straightforward in the semi-classical limit as 

X 2 ^(p) = (X 2 r^(p) -> [(1 - ap)\d p W) 2 ]^(p) . 

The rest of the discussion is as in the previous subsection, with expressions 
similar to the one dimensional case, for example (|67p . but with q = 1 and 
the lower limit of the integral being zero. The leading correction is again 
0(—a) < for a > 0. Although our discussion so far has been for the exact 
MCR ©, the conclusion holds for the class of MCR's (|1Q[) since they share 
the same leading 0(—a) term. 



6.3 String-theory Motivated MCR 

To check the accuracy of the semi-classical analysis above, we apply it to 
the D-dimensional version of the string- motivated algebra Eq. $H) , [U [S] , 

[Xi,Pj] = ih(5 ij + f35 ij P 2 + p'P i P j ^ , (84) 

_(2(3-(3' ) + (2(3 + (3')(3P 2 
1 + (3P 2 

[Pi,Pj] = o, 



= ^ ,T P2 ^ (PiXj-PjXi), (85) 



which is realised in momentum space by 
Pi = Pi 

d d 

Xi = ih(i + Pp 2 )^ + P'piPjTr- ■ 

dpi dpj 

We note in passing that For (3 = (|84p is the non-relativistic version of 
Snyder's algebra |26j. 

In the WKB limit, one finds that for ^-states, 

X 2 ^(p) _». [(1 + ((3 + (3')p 2 ] 2 (d p W) 2 ^(p) 

and hence for the Z)-dimensional oscillator the expression is simply (|83|) but 
with the weight factor replaced by (1 + ((3 + (3 )p 2 ) . Explicitly, we find 

A££ c = ^ + p m (E s n c {0) ) 2 + O((3 + (3') 2 (87) 

which agrees at large n and leading order with the exact expressions in Ref. [4, 
[5]. The correction (jH7|) is is positive since (3 + (3 > is typically assumed 
for the MCR (|84p in order to reproduce a minimum position uncertainty [1]. 

The generalisation to isotropic power law potentials again essentially 
involves replacing the weight factor in previous one-dimensional results; the 
net result is a positive correction of 0{(3 + (3 ). 



7 Conclusion 



We obtained a two-parameter class of exactly realised MCR's which im- 
plied an intrinsic maximum momentum, a subset of which also implied a 
minimum position uncertainty (|7l8p . Among the exactly realised MCR's 
a one-parameter MCR Q had only linear and quadratic momenta on the 
right. 

A two-parameter family of approximate MCR's was then constructed 
(fTUj) from the exact solutions using a (ap) 2 <C 1 expansion; they satisfy the 
Jacobi identity approximately when |r|(ap) 2 <C 1 and differ from each other 
at terms of order (ap) 2 . The proposal of ADV |12j is an example from this 
class. 

For dynamics restricted to one dimension, the exact and approximate 
MCR's were described by (jlip . with one deformation parameter a and a 
dimensionless parameter q. The exactly realised MCR has q = 1 while the 
most studied version in the literature is the ADV proposal q = 4. 

We studied the impact of maximum momentum by determining the 
bound state spectrum of the deformed harmonic oscillator exactly for q = 
and q = 1; the spectra terminate at finite energy beyond which is the con- 
tinuum, in contrast to the usual undeformed oscillator which has a purely 
discrete spectrum with no maximum energy. 

For both q = and q = 1 we computed the deformed position and 
momentum uncertainties and their product AXAP in an eigenstate n: The 
values were all lower than the a = case, increasing with n up to some 
maximum before declining to vanish at n max . Thus the upper-most bound 
states display classical characteristics. 

In the second part of the paper we used a semi-classical analysis, which 
we motivated in detail in Sect. (6), to study bound state spectra of general 
concave potentials in one dimension. For ap <C 1 and large n, the energy 
shifts due to the deformation are negative for q < 4 (176p . Under similar con- 
ditions the string-motivated MCR ([2]) gives a positive correction. Explicit 
expressions for the energy shifts were obtained for power-law potentials (|68j) . 
It is interesting to note that the ADV proposal q = 4 gives a vanishing lead- 
ing order correction at large n. 

Empirically, the conditions ap <C 1 and /3p 2 <C 1 are natural since quan- 
tum mechanics has been very well tested, placing strong limitations on the 
suggested deformations in ([I]) and ([TO (6j[9]. At the same time, those condi- 
tions allow one to ignore higher order (cubic) corrections to those MCR's and 
also enabled the extraction of leading order effects from the semi-classical 
integrals. 

The large n condition was required for the validity of the semi-classical 
analysis, but since cx E n for large n, this regime is also physically rele- 
vant. In Sect. (5.5) we explained why relativistic corrections do not change 
the sign of the leading order energy shifts if one remains in the one particle 
sector. 

Thus one way that string-motivated MCR's such as (jl|84p can be distin- 
guished from the q < 4 sub-class of MCR's such as ( [9l [TO]) is through the 
sign of energy shifts in bound state spectra of dynamics restricted to one 
dimension. The Penning trap is one possible arena for such dynamics [5]. 

Note that the q < 4 sub-class still includes q > 1 for which the one- 
dimensional MCR's were low-momentum expansions of exact MCR's which 
implied a maximum momentum (through poles) and also a minimum posi- 



tion uncertainty. 

We also studied the D-dimensional S-states of isotropic power-law po- 
tentials semi-classically. For the string-motivated MCR (|84|) we extended 
a result of [5j, showing that AE oc (3 > 0. For the MCR's (f9TT0P the shift 
AE = 0(—a) is of opposite sign for the usually assumed a > 0. Since 
(3p 2 ~ (ap) 2 <C 1, then regardless of the sign of a, MCR's such as (|9ll0p 
may show experimental signatures earlier than the string suggested modifi- 
cations (|84p . if the MCR's are empirically realised. 

In this paper we studied various aspects of the MCR's (|9|10p in the 
momentum representation. Other aspects and applications of the MCR's 
obtained in this paper, such as a coordinate space representation and scat- 
tering problems, will be discussed elsewhere [21]. 
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Appendix A 



Here we implement the Jacobi identity constraint exactly on the ansatz (J21 
After some algebra one obtains 

= h 2 {{a l -a 2 )P- 1 + {a\ + 2j3 l - (3 2 ) + {'ia 1 + a2)(3iP 

+/3 1 (2/3 1 +/3 2 )P 2 }A jfci , (88) 

where A jki := Pi5 jk - Pj5 ik . 

For D > 1 dimensions the coefficient of each power of P inside the curly 
brackets must vanish, so the parameters (a, j3) satisfy four simultaneous 
equations, 



Oil — a 2 = , 

a? + 2/3!-/3 2 = 0, 

/3i(3qi + q 2 ) = , 

/3 1 (2/3 1 +/3 2 ) = 0. 

The only nontrivial solution is given by 



(89) 
(90) 
(91) 
(92) 



a i 
Pi 

ft 



q 2 : = 




-a 



a 



(93) 
(94) 
(95) 



from which we infer that the deformed commutator 



must be 



[Xi,Pj. 



ih{\ - aP) 



a 



P 



(96) 



which is precisely the expression ([9]) obtained in Sect. (2) from the class ([3]). 

In Ref. [12] the Jacobi identity constraint on ([2]) was first solved to leading 
order in a, obtaining only Eqs. (|89l90p . The choice j3\ ~ a 2 was then made 
leading to /3 2 ~ 3a 2 and the commutator 



[Xi, Pj] adv 



ift 



Sij - a UjP + + a 2 {5 tJ P 2 + 3P t Pj) 



(97) 



In other words, in Ref.|12| the additional constraints (|91l92p were not im- 
plemented. 

As discussed in Sect. (2), the ADV commutator belongs to the class of 
approximate commutators (|10p which differ from each other at order (ap) 2 
and whose regime of validity is |r|(ap) 2 <C 1. For the one-dimensional 
projections (jlip . the ADV commutator corresponds to q = 4. 



Appendix B: Semi-classical Integrals 



The integral in (|57p can be evaluated exactly by passing to the complex 
plane. Denote E n ^ = (n + l/2)hu) and z 2 = 2mE^ c . Then 



1 + a 2 qmE n ^ = H(q, a, z) 



(98) 



There are three cases to consider. For q < 1 and az < (1 — y/1 — q)/q, 
we have H(q, a, z) = H% where 



#1 = 



1 



2^1^ 



(A — B) , (99) 



A=[(l + ^l^) 2 -( q az) 2 }^ 2 , 
B = [(l-^q) 2 -{qaz) 2 fl 2 . 

For q > 1 and az < 1/q, H = H2 with 



H 2 
Ci 

C 2 

N 2 
D 2 



C\C 2 



(100) 



-^=[(2-q-q 2 a 2 z 2 ) 2 +4(q-l)]^ 



V2 



[1 - JV 2 /£> 2 ] 



1/2 



o 2 2 2 

2 — <? — q a z 



q[(l + 2(q-2)(az) 2 +q 2 (az) 4 } 1 / 2 

For q > 1 and az > 1/q, H = H3 with 

#3 = C1C3 , 

^3 = -^[l-iVs/^] 1 / 2 , 



(101) 



222 
(/ — q a z 



where C\ and D 2 are the same as for the H 2 case. 
In the limit q — > 1, 



H\ — H 2 — H% 



1 



V 7 ! - a 2 z 2 



(102) 



Notice the original constraint az < 1, that is E^ c < E max = l/(2ma 2 ), is 
contained in the expression. Solving ([98]) for this case gives 



171.se 771 

Ai — ^(0) 



E„ 



1 H — -C'n(O) 

(l + " 2 "l^n(0)) 2 



(103) 



which shows that 
attained by the exact expression in Sect. (4). 



l/(2ma 2 ) as n — > 00, the same limit 



For the case q — > 0, 

Hi -> 1 + |[1- (l-4aV) 1/2 ] (104) 

Notice the original 2az < 1 constraint encoded inside Hi; the energy is 
bounded above: < l/(8ma 2 ). Solving ([98]) in this case gives precisely 
the exact energy spectrum (f37|) . 

For az < 1 the energy shifts from all three cases above is summarised 
by dMD- 
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Figure Captions 

• Figure 1: The discrete spectrum for the q = oscillator. For this 
and the other figures a = 0.1 and 2m = hw = 1. The straight line 
corresponds to a = 0. 

• Figure 2: The probability density for q = 0, n = 10. The horizontal 
axis is £ = 2(1 — 2aP)/8 2 and so £ = corresponds to p = p ma a; = 
l/(2a) while £ = oo corresponds to p = — oo. 

• Figure 3: The high-momentum p (low £) end of the probability density 
for § = 0, n = 49. The horizontal axis in this and the next figure is 
labeled as in Fig. (2). However note the different scales in Figs. (2-4). 

• Figure 4: The low-momentum p (high £) end of the probability density 
for q = 0, n = 49. 

• Figure 5: The position uncertainty for the q = 1 oscillator. 

• Figure 6 : The momentum uncertainty for the q = 1 oscillator. 

• Figure 7 : The uncertainty product for the q = 1 oscillator. 
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